We perform a set of 36 nonprecessing black-hole binary simulations with spins either aligned or counteraligned with the orbital angular momentum in order to model the final mass, spin, and recoil of the merged black hole as a function of the individual black hole spin magnitudes and the mass ratio of the progenitors. We find that the maximum recoil for these configurations is Vmax = 526 ± 23 km s −1 , which occurs when the progenitor spins are maximal, the mass ratio is qmax = m1/m2 = 0.623 ± 0.038, the smaller black-hole spin is aligned with the orbital angular momentum, and the larger black-hole spin is counteraligned (α1 = −α2 = 1). This maximum recoil is about 80 km s −1 larger than previous estimates, but most importantly, because the maximum occurs for smaller mass ratios, the probability for a merging binary to recoil faster than 400 km s −1 can be as large as 17%, while the probability for recoils faster than 250 km s −1 can be as large as 45%. We provide explicit phenomenological formulas for the final mass, spin, and recoil as a function of the individual BH spins and the mass difference between the two black holes. Here we include terms up through fourth-order in the initial spins and mass difference, and find excellent agreement (within a few percent) with independent results available in the literature. The maximum radiated energy is E rad /m ≈ 11.3% and final spin α max rem ≈ 0.952 for equal mass, aligned maximally spinning binaries.
I. INTRODUCTION
The fully nonlinear simulations of merging black-hole binaries (BHBs) that were enabled by the 2005 breakthroughs in numerical relativity [1] [2] [3] revealed some unexpectedly large effects. Perhaps one of the most striking is that the merger remnant can recoil away from the center of mass by thousands of km/s for BHBs with spins at least partially in the orbital plane [4] [5] [6] [7] [8] . Such recoils, if common, would have major implications for structure formation and the evolution of galaxies, as well as the retention of BHs in globular clusters and the formation of intermediate mass BHs. The probability of these large recoils depends on the distribution of mass ratios and spins of the progenitor binaries. While the detailed modeling of those recoil velocities from merging BHBs as a function of the individual spins (magnitudes and directions) of the BHs and the mass ratio is well underway [8] [9] [10] [11] [12] , the major effort required to simulate BHBs in a realistic astrophysical environment started more recently [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Analyses of Newtonian and post-Newtonian simulations appear to indicate that accretion dynamics will skew the spin distributions away from configurations that favor very large recoils [25] [26] [27] because these effects tend to align (or counter-align) the spins with the orbital angular momentum. In addition, during the late stages of the BHB evolution, post-Newtonian resonance effects [28, 29] tend to further align the BH spins with each other and the orbital angular momentum (or counteralign them azimuthally). On the other hand, recent studies of chaotic [30] and partially chaotic [31] accretion suggest misalignment of spins can also be a common evolutionary scenario for BHBs, possibly allowing for the merger remnant to escape from large galaxies [32, 33] .
In this paper we simulate the late-inspiral and merger stages of BHBs in configurations where the spins are exactly aligned or counter-aligned with the orbital angular momentum. By doing so, we are able to quantify how large the recoil can be when coherent accretion effects dominate the distribution of spin directions, thus providing a lower bound to the recoil of the BH remnant. The aligned-spin case also provides the optimal configuration for the radiation of gravitational energy and angular momentum. Here we provide a unified, higher-order phenomenological model of the remnant mass, spin, and recoil from the merger of two BHs with different masses and different spin magnitudes (either aligned or antialigned spins). This paper is organized as follows, in Sec. II we review the current status of the modeling of the remnant recoil. In Sec. III we review the numerical techniques used for our evolutions of the BHBs and the subsequent analyses of the progenitor and remnant properties. In Sec. IV we present the explicit form of the new phenomenological formulas for the final mass, spin and recoil of the merger remnant. We apply these formulas to astrophysically motivated distributions of the mass ratios and spins of the progenitor binaries to obtain probabilities for a given recoil, final remnant mass and spin. In Sec. VI we discuss the consequences of our results.
II. MODEL OF RECOILS ON THE ORBITAL PLANE
Beginning in Ref. [4] , we developed a heuristic model for the gravitational recoil of a merging binary. The model for the in-plane recoil was based on PN-inspired fitting formulas combined with the results of [34] [35] [36] (a similar model was developed independently in [37] where | α i | ≤ 1 is the dimensionless spin of BH i, and we use the convention that m 1 ≤ m 2 and hence q ≤ 1. The in-plane recoil can be split (at least approximately) into two components: a part due solely to unequal masses and a part due to the out-of-plane components of the spins of the two BHs. To lowest order in the spin, the formula is given by, V recoil (q, α i ) = v mê1 + v ⊥ (cos(ξ)ê 1 + sin(ξ)ê 2 ), (1) where
Here the index ⊥ and refer to components perpendicular to and parallel to the orbital angular momentum during the short period around merger when most of the recoil is generated, whileê 1 ,ê 2 are orthogonal unit vectors in the orbital plane, and ξ measures the angle between the "unequal mass" and "spin" contributions to the recoil velocity in the orbital plane (See Fig. 1 ). This formula can be extended by adding additional nonlinear terms (as we will show in this paper). The coefficients are given by A = 1.2 × 10 4 km s −1 [34] , B = −0.93 [34] , and H = (6.9 ± 0.5) × 10 3 km s −1 [38] . We will study in detail how ξ depends on the configurations here (ξ was initially studied in Ref. [38] , where it was found that ξ ∼ 145
• for a range of quasicircular configurations).
A. Post-Newtonian analysis
Here we use the leading-order post-Newtonian expressions for the radiated linear momentum to get a qualitative understanding of the full numerical results. As seen in Eq. (3.31) of Ref. [39] , the instantaneous radiated linear momentum due to the asymmetry in the masses of the binary is given bẏ 
and the radiated linear momentum due to the leadingorder spin-orbit coupling iṡ
where V T and V r are the tangential and radial velocities, respectively. The velocity is given by,
For a quasicircular orbit, the angle between these two components of the instantaneous radiated linear momentum is given by
and hence, for circular orbits, i.e. V r = 0,
Thus the two components are opposite of each other when ∆ is aligned with the orbital angular momentum (corotating orbits for our configurations). Similarly, for our counter-rotating configurations, the two components add constructively. On the other hand, for orbits dominated by the radial motion instead (i.e., V T V r ) the angle ξ has the form,
Hence, in the near-headon case (i.e. V T ≈ 0) , we have
and the two components of the recoil are perpendicular to each other. The next leading term in the spin orbit contribution to the recoil [see Eqs. (4.7)-(4.9) of Ref. [40] ] is proportional to δmS . For circular orbits the angle cos ξ S c between the unequal mass recoil and the terms in the recoil proportional to δm S is given by
while for headon collisions [see Eqs. (3.17) of Ref. [40] ] the two components are perpendicular and
A sketch showing how the angle ξ between the unequal mass contribution to the recoil and the spin dependent contribution to the recoil depends on the sign of S (with similar behavior for the δm∆ dependent term). The two components essentially add if the net spin is counteraligned with the orbital angular momentum and subtract if the spin is aligned with the orbital angular momentum.
In a full numerical simulation, the inspiral of two BHs is neither circular nor headon, and hence we expect a value of ξ that lies between 90
• and either 180
• (corotating) or 0
• (counterrotating) (see Fig. 1 ). In particular, because of the hangup effect [41] we expect that alignedspin configurations, which have tighter (i.e., more circular) orbits, have ξ ≈ 180
• , while counter-aligned configurations, which inspiral much more quickly, should have ξ 90
• . Based on the above analysis, we expect cos ξ to be a discontinuous function with a finite jump when S · L and δm∆ · L change sign. While we can model ξ as a discontinuous function, there is a way around this. Note that the magnitude of the in-plane recoil is given by
where |v ⊥ | is the magnitude of spin contribution to the in-plane recoil. The important thing to note is that while cos ξ is discontinuous, the recoil itself should be continuous. For this to be true, the sign change in cos ξ can only occur when v ⊥ = 0, i.e., we expect that |v ⊥ | cos ξ is continuous. We can therefore express the product |v ⊥ | cos ξ as a product of two continuous functions v ⊥ , which we will allow to be positive or negative, and cosξ, where cosξ has a fixed sign (for historical reasons, we chose cosξ to be negative) and | cosξ| = | cos ξ|. Finally, the magnitude of the recoil is given by,
where v ⊥ can be negative and sign(v ⊥ ) cosξ is the cosine of the angle between unequal-mass and spin components of the recoil.
III. NUMERICAL SIMULATIONS
We use the TwoPunctures thorn [42] to generate initial puncture data [43] for the BHB simulations. These data are characterized by mass parameters m p (which are not the horizon masses), as well as the momentum and spin, of each BH. We evolve these BHB data sets using the LazEv [44] implementation of the moving puncture approach [2, 3] with the conformal function W = √ χ = exp(−2φ) suggested by Ref. [45] . For the runs presented here, we use centered, eighth-order finite differencing in space [46] and a fourth-order Runge Kutta time integrator. (Note that we do not upwind the advection terms.) Our code uses the Cactus/EinsteinToolkit [47, 48] infrastructure. We use the Carpet [49] mesh refinement driver to provide a "moving boxes" style of mesh refinement.
We locate the apparent horizons using the AHFinderDirect code [50] and measure the horizon spin using the isolated horizon (IH) algorithm detailed in [51] .
For the computation of the radiated energy and linear momentum we use the formulas in [52] which are expressed directly in terms of the Weyl scalar ψ 4 . To extract the radiation of angular momentum components, we use formulas based on "flux-linkages" [53] and explicitly written in terms of ψ 4 in [52, 54] .
To generate the initial data parameters, we use 3PN quasicircular orbital parameters with a given initial orbital frequency ω i . In practice this leads to an initial eccentricity of the order of e i ∼ 10 −2 that radiates after a few orbits to about e f ∼ 10 −3 , which is small enough for modeling the remnant in astrophysical applications. Table III provides explicit values for all the initial data parameters used in each of the runs presented in this paper. We also provide the initial and final eccentricity and total number of orbits in the table.
We evolve these data sets using the grid refinement structure and global resolution discussed in the Appendix. In the Appendix, we also describe in detail the errors in our results due to finite extraction radii and finite truncation errors, as well as how we extrapolate from finite radii to null infinity.
In order to cover the three-dimensional parameter space of the aligned-spin BHBs, we consider several families of physically motivated configurations. We denote our configurations by XY, where X=U,D, or 0 denotes the spin of the smaller BH (i.e., aligned, counteraligned, or zero) and Y denotes the spin of the larger BH. If accretion tends to align the spins, then the UD, DU, UU, and DD configurations should be among the most probable. The 0U and 0D configurations, depicted in Fig. 2 , are interesting in that if the recoil as given in Eq. (2b) is dominated by the leading ∆ dependence, then a 0U or 0D configuration is an effective counterpart to a UU
The (counter)aligned spin configuration UU (DD) and its effective counterpart 0U (0D) (dashed counterorbiting). or DD configuration where both BHs are spinning with the same dimensionless spin α and α Effective = ±(1−q)α (i.e., a 0U with spin α Effective should give the same recoil as a UU/DD configuration with α 2 = α 1 = α ). Since α Effective is smaller than α we can apparently simulate maximal UU and DD configurations with non-maximal 0U and 0D configurations. We thus study BHBs with the smaller BH nonspinning and the larger BH spinning with spin α Effective = ±(1 − q) for q = 1/2, 1/3, 1/4, 1/5, 1/6. A first analysis of those simulations suggested that although leading, the ∆ dependence in Eq. (2b) is not sufficient to model the recoils with high accuracy. We thus consider additional families (see Fig. 3 ) of BHBs, with specific spins α ≤ 0.8 in a UD or DU configuration. In addition to showing the importance of the total spin S to the recoil, we also found from these configurations that the maximum recoil occurs for q max ∼ 0.62, as shown in Fig. 4 .
We chose other configurations to selectively activate or deactivate blocks of terms in the expansion formulas for the recoil and radiated energy-momentum. Thus some simulations have only one of the variables δm, S , and ∆ nonvanishing and others have all of them nonvanishing. This provides a means of fitting all terms and then verifying the fit for more general cases. The complete set of initial data parameters are given in Table I . In the table, the runs are labeled by the mass ratio, spin magnitude of the black hole 1 (the smaller BH) and spin magnitude of the spin 2 (the larger BH).
Since the initial data assumes conformal flatness and pure longitudinal extrinsic curvature, it contains initial distortions that are either radiated away or absorbed by the BHs during the first orbital period. After this initial transient period, the BH masses and spins settle to their equilibrium values. In Table II we give the values for the horizon mass and spin after this transient period has ended.
After the BHs in the progenitor BHB merge, we measure the remnants mass, spin, and recoil velocity. We measure the recoil velocity from the radiation of linear momentum at infinity, as this is the most reliable and gauge invariant way of computing recoils. The resulting recoil velocities are given in Table IV . In order to produce accurate results, we extracted the waveform at different finite radii and extrapolated to infinity. Here we chose observer locations equidistant in 1/r, where the largest extraction radius was 102.6m. We fit the finite-radius results for the recoil, energy radiated, and angular momentum radiated as a linear and quadratic function in 1/r, and we use the difference between these two fits as an estimate for the error. As we discuss in the Appendix, other sources of error come from the finite numerical resolution and the maximum -mode used in the extraction. Based on our assessment of those errors (see Appendix), we compute the recoil using the = 2 through = 6 modes.
In Table V , we give the horizon mass and spin magnitude of the remnant BH for each configuration studied here. We measure these using both the isolated horizon formalism and based on the measured radiated mass and angular momentum. However, the isolated horizon measurements are expected to be more accurate, and the differences between the isolated horizon and radiation quantities is largely due to truncation errors in the radiation zone that do not affect the accuracy near the horizons themselves (see Ref. [55] ). I: Initial data parameters for the quasi-circular configurations with a non-spinning smaller mass black hole (labeled 1), and a larger mass spinning black hole (labeled 2). The punctures are located at r1 = (x1, 0, 0) and r2 = (x2, 0, 0), with momenta P = ±(0, P, 0), spins Si = (0, 0, Si), mass parameters m p /m, horizon (Christodoulou) masses m H /m, total ADM mass MADM, and dimensionless spins a/mH = S/m 
IV. NEW MODELS OF REMNANT MASS, SPIN AND RECOIL
In Refs. [8] and [55] we developed a series expansion for the mass, spin, and recoil velocity of the remnant BH produced by the merger of a progenitor BHB with arbitrary BH spin magnitudes and orientations and arbitrary mass ratio in terms of the variables ∆, S, and δm. For the runs presented here, only terms proportional to S , ∆ , and δm contribute. In addition, only certain combinations are allowed by symmetry considerations. For more details see Table IV of Ref. [8] and Table VI of Ref. [55] . Here we include all allowed terms up through fourth order. Here we include powers of δm when counting orders.
This differs from our previous conventions [8, 55] , where we only counted powers in the spin variables and allowed the coefficients of those terms to be arbitrary functions of δm (consistent with the symmetries).
The formula for the mass of the remnant M rem is then given by,
where O( 5 ) denotes terms of fifth and higher order in the expansion variables and where variables with tildes are dimensionless, that isS = S /m 2 and∆ = ∆ /m 2 . As written, Eq. (13) does not reproduce exactly the particle limit since δm → ±1 as η → 0. However, we can add terms of order O( 6 ) and higher to obtain the correct particle limit behavior while simultaneously producing an expansion equivalent to Eq. (13) . First, we note that in the particle limit, M rem is given by
2 (where mηẼ isco is the energy of a particle at the ISCO). To enforce the particle limit for zero spin we add two terms K 6 δm 6 + K 8 δm 8 , and then fix the value of these constants by demanding that a reexpansion in terms of η gives 1 + η(Ẽ
is the Schwarzschild ISCO energy). We follow a similar procedure for the spin dependent terms. For most terms in Eq. (13), the net effect is to simply multiply the given term by (4η) 2 . The resulting formula for M rem is given by,
Here we takeẼ ISCO from Eq (2.7) of Ref. [56] (we replace the variable a in Ref. [56] with α rem , but similar results are obtained when using S /m 2 instead).
We then verified that the correct leading power of 4η in Eq. (14) is indeed 2 by replacing (4η) 2 with (4η) p and fitting all coefficients and found p = 2.0006 gives the best fit. In Table VI below, the power p is set to 2 exactly when performing the fits.
To obtain a phenomenological formula for the remnant spin, we follow a similar procedure. Prior to enforcing the particle limit we have,
Once again, we add higher order terms in order to enforce the correct particle limit behavior. Here the new terms are generated by multiplying the existing terms in Eq. (15) by the next even powers of δm that correspond to O( 5 ) or higher. For instance for the spin independent terms we add L 6 δm 6 + L 8 δm 8 and for the linear in the spin terms L 5 S δm 4 + L 7 S δm 6 . We then impose the particle limit which is given by α rem = S + ηJ ISCO + O(η 2 ). Again, we use Eq (2.8) of Ref.
[56] to calculate the ISCO angular momentum, replacing the variable a there with α rem .
After enforcing the particle limit we get,
In order to verify our hypothesis, we first replaced (4η) 2 with (4η) p and fit for all coefficients in Eq. (16) . We find p = 2.015, which is reasonably close to the expected power of 2. We then fit again using p = 2 exactly, and report these fitting parameters in Table VI below. By using a = α rem to evaluate the ISCO quantities, the fitting formula for the spin becomes implicit, and the formula for the mass depends directly on the formula for the spin. Therefore, to evaluate the fitting formulas for any given initial binary, we use a rapidly converging iterative process where the initial a is set to S /m 2 . Finally, we fit the recoil to the formula,
where we have added a leading power of η 2 to the expansion. The issue of the leading power of η for the recoil was discussed in the context of the off-plane recoils in Ref. [12, 37] where the possibility of a leading η 3 versus η 2 was studied with full numerical simulations. Further study of recoils in the small mass ratio perturbative regime [57] led to the conclusion that the terms of the recoil linear in the spin should scale as η 2 and postNewtonian expansions including quadratic terms in the spin also show a leading η 2 behavior [40] (again for low eccentricity, in-plane orbits).
Finally, we tested the leading η 2 dependence in Eq. (17) by allowing the power of η to be free. Interestingly, we do not find p = 2, but rather we find that the minimum in the fit is quite shallow with similar results for interval 1.5 ≤ p ≤ 2.5 (the minimum is at p ∼ 2.29). Since p = 2 gives the correct particle limit behavior for quasicircular orbits (at least at moderate mass ratios, see though Refs. [58, 59] for a discussion on resonance recoil which scale as η 1.5 ), we enforce p = 2 for the fits presented in Table VI below.
We note that a factor of η p in the coefficients is not independent from the expansion proposed in Refs. [8] and [55] since 4η = 1 − δm 2 and this allows us to recast all powers of η into the original form of the expansion.
The 17 constants in Eqs. (17) and (18) Table I by a least-squares fit to the results of our 36 simulations and, in the case of the fits of the final mass and spin, additional 38 SXS runs [60] and a q = 1 : 10 simulation. Note that, as explained above, we allow v ⊥ to be positive and negative and thereby allowξ to be continuous (See Fig. 7 ).
The results of the recoil velocity fit and residuals to the entire set of 36 runs is shown in Fig. 5 . We observe that the residuals are below 7 km s −1 . In order to assess the accuracy of our formula, we compare its predictions for 8 independent runs from the group at AEI reported in Ref. [61] and 16 from the SXS collaboration in Ref. [60] . The results are shown in Fig. 6 . We observe that while the residuals of our runs and those of AEI are similar and relatively small (i.e., within 10 km s −1 ), the residuals with respect to the SXS runs are roughly 3 times larger. We note that while in this paper (and Ref. [61] ) recoils are computed using the radiated linear momentum, the SXS catalog reports coordinate velocities.
Note that while we use the recoils of Ref. [61] as an independent test of our fitting formula, the recoil formula proposed in [61] [Eq. (42) there] does not respect the symmetry of exchange of black hole labels 1 ↔ 2, hence Table IV ) with a root mean square deviation, RMS=2.5 km s we would expect it to be less accurate outside of the region of parameter space used to generate that fit. Interestingly, by allowing v ⊥ in Eq. (12) to take on positive and negative values, the angleξ can be restricted to the interval 90
• ≤ξ ≤ 180
• and its average value, as shown in Fig. 7 , isξ ∼ 148
• , which is very close to the estimateξ ∼ 145
• in Ref. [38] . Note that the dispersion is quite large though. As part of our fitting of the recoil, we must simultaneously fitξ to Eq. (18) . Interestingly, the choice of coefficients in Eq. (18) that optimizes the fit is close to c/b = 3/7. This ratio is significant because the effective spin defined in Ref. [62] is given by S effective = S + 3 7 ∆δm. Thus it appears that the functional form ofξ that minimizes the residuals is essentially a linear function in the effective spin.
The fitted values of all coefficients in Eqs. (17) and (18), as well as the uncertainties in these values are given in Table VI . We estimate the errors in the fitting parameters by adding Gaussian (18), computed from the measured magnitude of the recoil (circles), compared to the fitted formula (squares). The angle is not defined for the (first) 9 equal mass runs in Table IV . The average ofξ ∼ 148
• (gray line) is near the previously measured value ofξ ∼ 145
• , but the new spin-dependent formula forξ significantly reduces the residuals.
distributed random noise to the fitting function. Each data point is given a different random number, and the width of the Gaussian is determined by the estimated error in that data. By performing the fit 50,000 times, each with a different set of noise, a distribution in the fitting parameters is found. The standard deviation of these distributions is recorded as the error in the fitting parameter in Table VI. We use a similar procedure to fit the final remnant mass and spin to Eqs. (14) and (16) . Here, however, we add the data from the SXS catalog [60] (which include results from highly spinning BHBs) into our fits, as well as results from a non-spinning binary with mass ratio q = 1/10 from Refs. [63, 64] . The resulting fitting parameters are given in Table VI. The data, fit, and residuals for the remnant spins are shown in Figs. 8 and 9 . The residuals are below 6 × 10 −4 . We can compare the residuals of our fit with other fitting formulas in the literature, for instance, for the final spin of the merged black hole given in Ref. [65] (we denote this fit by AEI). The results are shown in Fig. 10 for the current data (RIT) and the SXS data. We observe a clear improvement of our fitting formula (16) , with over an order of magnitude reduction in the residuals.
We see that our fitting formula for the final remnant Table V ). RMS=7.16 × 10 −4 .
spin is remarkably accurate over a wide range of mass ratios. In addition, we constructed the formula such that it gives the correct small-mass limit behavior. We thus expect that our formula will be reasonably accurate for all mass ratios, at least for moderate spins (α ≤ 0.9). A similar analysis for the final remnant mass is shown in Figs. 11, 12 , and 13. Once again we used the SXS data in generating our fits. Here we see residuals of order 3 × 10 −4 for our new formula and residuals several times larger for the AEI formula [66] .
An interesting consequence of the form of the recoil velocity (17) is that, for certain combinations of the spins and the mass ratio the total magnitude can be very small. In Fig. 14, we plot the values of α 2 and q that lead to small recoils for a given α 1 . Apart from the zero recoil imposed by symmetry, i.e. q → 0 and q = 1, α 1 = α 2 , there appear to be two branches that lead to vanishing recoils. One branch spans all mass ratios with 0.6 α 2 0.75 and the other branch only spans the smaller mass ratio regime q 0.4 and larger spins 0.74 α 2 ≤ 1. Interestingly, the vanishing of the recoil velocity does not arise from any symmetry, but rather from a cancellation of processes that involve a wobbling of the center of mass as the BHB slowly inspirals, the recoil generated during the rapid plunge, and the post-merger anti-kick [67] , which is generated during the ring-down phase. All of these three stages combine to produce a non moving 
FIG. 15:
The radiated linear momentum for the Q0.500 0.80 0.80 configuration (red). We observe the wobbling from the inspiral, a sudden raise to above 250 km s −1 due to the merger, and the final antikick from the ringdown phase which reduces the final velocity of the remnant to 2 km s −1 . For comparison we also show the Q0.500 ± 0.80 ± 0.80 configurations to see the different effects of the superposition of spin (signs) and unequal mass components of the recoil.
final BH, but in the process the BH is displaced from the original center of mass of the binary. In Fig. 15 we provide an explicit example for run #25 Q0.500 0.80 0.80 of a near zero final recoil.
It is interesting to recall here the zero-recoil superkicks seen in [6, 68] . In that case the bobbing of the BHs up and down can be tuned by choosing the azimuthal orientation of the spin such that the merger occurs when the bobbing velocity is instantaneously zero, which leads to a vanishing recoil.
In Fig. 15 we show the velocity of the center of mass versus time for the four possible combinations of signs of the spins for a q = 1/2 binary with spin magnitudes α i = 0.8 (Q0.500 ± 0.80 ± 0.80). The UD configuration Q0.500 0.80 -0.80 recoils at 420 km s −1 while the DD configuration recoils at a more modest 267 km s −1 . Reversing the spin directions for both BH leads to a DU configuration that recoils at 154 km s −1 . Finally, a UU configuration recoils at a very small 2 km s −1 . Notably, the recoil of the DU configuration agrees with the purely unequal mass recoil v m (q = 1/2), and the difference between the recoil velocities of the UD and DU configurations, as well as the differences in the recoil between the DD and UU configurations are both around 266 km s −1 . It is also interesting to see which configurations lead to a remnant with vanishing spin (as was done in Ref. [69] , Fig 4a) . Our results are shown in Fig. 16 . They show that in order to have a final Schwarzschild black hole the larger hole must be counteraligned with the orbital angular momentum and the smaller hole must bear a mass ratio less than 0.3. This small mass ratio also explains the relatively weak dependence on the spin of the secondary black hole.
In the equal-mass regime, Eq. (14) predicts a maximum amount of radiated energy of M max rem /m = 0.88693± 0.00027, i.e., a maximum radiated energy of 11.3%, and Eq. (16) predicts a maximum remnant spin of α max rem = 0.95166 ± 0.00027, both of which closely agree with the predictions of Ref. [70] .
V. STATISTICAL DISTRIBUTIONS
In order to visualize the consequences of Eqs. (14), (16) , (17) , and (18), we study the distributions of recoils and remnant masses and spins from BHBs where the individual BH spins are either aligned or counteraligned with the orbital angular momentum. We study 9 families of distributions of progenitors: both BH spins aligned with the orbital angular momentum, both counteraligned, two families where one BH is aligned and the other counter aligned, four families where one BH spin direction is chosen randomly (aligned or counteraligned) and the other direction is fixed, and one family where both BH orientations are chosen randomly. In all cases the spin-magnitudes are chosen from the cold accretion distribution in [7] , which is represented by P (α) = (1 − α)
b−1 α a−1 , where a = 5.935 and b = 1.856, and the mass ratio distribution from [71] [72] [73] , which is given by P (q) ∝ q −0.3 (1 − q). In Figs. 17,18 , and 19 we show the probabilities for a remnant recoiling with speed v, having mass M rem , and spin α rem .
There are several interesting things to note from Fig. 17 . First, the probability for large recoils is much larger for the UD family of configurations than for any of the other (nonrandom) configurations. The UR and RD (here R denotes that the spin orientation is chosen randomly) families both show the same probabilities at high velocities. The reason for this is that high velocities can only come from a UD type configuration. Both the UR and RD families have a 50% probability for a given configuration to be UD.
From Fig. 18 , we see that the UU families show significant probabilities for smaller remnant mass. Small remnant masses occur for near-equal-mass UU systems, as this maximizes the radiated energy. The UR, RU, and RR families show a similar tail at smaller remnant masses. The UR and RU configurations have a 50% probability of being UU and the RR configurations have a 25% probability of being UU. Hence the P (m) for the RR configurations is half the value of P (m) for the UR and RU families.
Finally, in Fig. 19 , we see that the probability for a final remnant spin counteraligned with the binary's orbital angular momentum is nearly equal for the DD and UD families. The reason is this can only happen in the small mass ratio regime with a counteralign larger BH. Similarly the UR, DR, RR configurations show similar tails near α = −1. Again, these configurations have a 50% probability of being an XD configuration (here X just means that the orientation of the smaller BH is unimportant).
In Fig. 20 , we show the integrated probability Π(v) for a recoil v or larger, where
and P (ν) is the probability for a recoil with speed ν < v < ν + dν.
We can thus consider a scenario where coherent accretion aligned the smaller BH spin but left the spin of larger BH either aligned or counteraligned (with equal probability). For such a UR configuration, we find the probability for V > 250 km s −1 is nearly 23%, while the probability for V > 400 km s −1 is 8.4%. If we assume that both BHs are equally likely to be aligned or counteraligned, the probabilities reduce to 19% and 4.2%, respectively. While these recoil velocities are enough to FIG. 17: The probability P (v) of the remnant BH recoiling with speed v assuming a distribution of progenitor binaries with spin-magnitude given by the cold accretion model of [7] and mass ratio distribution given by [71] , and assuming the first (smaller) BH or second (larger) BH is always aligned (U), always counteraligned (D), or randomly (R) distributed with equal probability of being aligned or counteraligned.
expel the merged BHs from galaxies similar to the milky way, they are not enough for the BHs to escape from much larger galaxies. Nevertheless, these recoils can still produce observational effects such as displacement of the central BH from the galactic core or a disturbance in the velocity field of nearby stars [4] . We also note that these recoil velocities probabilities represent a lower bound for large recoils since we assumed exact alignment (or counteralignment) of the spins with the orbital angular momentum and components of the spin on the orbital plane can lead to very large recoils [6, 8] even for relatively small misalignment angles, i.e., a few degrees.
VI. CONCLUSIONS AND DISCUSSION
We studied the merger remnant of nonprecessing BHBs as a function of the individual BH spins and mass ratio. As accretion [27, 74] and resonances [28, 29] align spins with the orbital angular momentum, this represents an important subcase of the more general, 7 dimensional parameter space of binaries, that includes arbitrary orientation of the spins. The study performed here allowed us FIG. 18: The probability P (m) of the remnant BH having mass m (in units of the initial mass M1 + M2) assuming a distribution of progenitor binaries with spin-magnitude given by the cold accretion model of [7] and mass ratio distribution given by [71] and assuming the first (smaller) BH or second (larger) BH is always aligned (U), always counteraligned (D), or randomly (R) distributed with equal probability of being aligned or counteraligned.
to use the unified phenomenological description of a BHB merger developed in [8, 55] to model the recoil (17) , remnant mass (14) , and spin (16) , with expected accuracies to within 3%, 1%, and 1% relative errors, respectively.
We found that the spin contribution to the recoil can add to, or subtract from, the component of the recoil due to unequal masses, with (partial) cancellation occurring when the larger BH spin is aligned with the orbital angular momentum. On the other hand, when the larger BH spin is counteraligned, the two components of the recoil add, leading to larger recoils at intermediate mass ratios. We find that the maximum recoil occurs for q ∼ 0.62.
Also note that the new maximum of the recoil (See Fig. 21 ) represents a modest increase in the maximum value itself (nearly 17%). However, just like for the case of the hangup kicks [6] , the most important effect is that the volume of parameter space leading to large recoils is much larger, i.e., the UD configurations have (V recoil > 200 km s −1 ) with a 52% probability. Another similarity with the hangup kick effect is the need to incorporate terms beyond linear in the spins (and FIG. 19 : The probability P (α) of the remnant BH having dimensionless spin α assuming a distribution of progenitor binaries with spin-magnitude given by the cold accretion model of [7] and mass ratio distribution given by [71] and assuming the first (smaller) BH or second (larger) BH is always aligned (U), always counteraligned (D), or randomly (R) distributed with equal probability of being aligned or counteraligned.
mass ratio) to accurately model the final recoil (and mass and spin). This underlines the inherently nonlinear nature of general relativity, in particular when modeling the highly dynamical regime of BHB mergers. This provides the opportunity for an important test of general relativity in its strong field realm. Searches for observational effects from recoiling black holes are well underway. This includes searches for large differential red/blue shifts from AGN (see [32] for a review), and distortions in the dynamics of the core of galaxies (see [33] for the latest observation that the lack of black holes in bright cluster galaxies might be the result of large kicks).
We finally note that the use of gravitational waveforms from aligned and antialigned spins proves to be of great help for detection algorithms [75] used by laser interferometer observatories. Our models for the final mass and spin from the merger of two black holes can be used to produce more accurate semianalytic models of such waveform templates, which may also be used for parameter estimation.
FIG. 20:
The integrated probability Π(v) of the remnant BH recoiling with speed v or larger assuming a distribution of progenitor binaries with spin-magnitude given by the cold accretion model of [7] and mass ratio distribution given by [71] and assuming the first (smaller) BH or second (larger) BH is always aligned (U), always counteraligned (D), or randomly (R) distributed with equal probability of being aligned or counteraligned. In order to assess the robustness of our results with respect to the different sources of errors and the various approximations that we use in our simulations, we study in detail an equal-mass BHB in a UD configuration (with spins α = 0.8) starting from two different initial separations. We vary the resolutions, grid structure, waveform extraction radii, and the number of modes used in the construction of the radiated linear momentum. The initial data parameters for the two configurations, denoted here by A and B, are given in Table VII. Case A represents a prototypical configuration of the runs in this paper while the case B was first studied in Ref. [55] , where we also performed a convergence study of that configuration. In this work, we use a grid structure with between 9 and 11 levels of refinement, depending on mass ratio and spin. For all new simulations, the outer boundary was placed at 400M with a resolution of 4M on the coarsest level and a resolution of 1M in the wavezone. The finest level around each BH was as wide as twice the diameter of the relaxed horizon (the number of points across each horizon was between 28 and 60). In addition, for the highly-spinning horizons, we added an additional level inside the horizon of width roughly half of the horizon diameter. We also performed similar runs but with resolutions in the wavezone of M/0.88 and M/1.2.
Since in the current work, we use a different refinement level grid structure than in Ref. [55] , we also perform a new set of convergence simulations for case B using the newer grid structures.
Aside from truncation errors due to finite resolution, the simulation results will depend on the extraction radii. Hence we also consider different extraction radii and extrapolations to null infinity. While the location of the observers in the set of runs in Ref. [55] The results of such studies is displayed in Fig. 22 .
Interestingly, we see that while the measured recoils from the A and B simulations differ by ∼ 30 km s −1 at lower resolution and smaller radii, they approach each other as both the resolution and extraction radii increases. The differences in the extrapolated recoil for the highest resolution A and B configuration is smaller than 10km s −1 . In Fig. 23 we show the recoil extrapolated to infinity versus the number of modes. Interestingly, for the B configuration, using all modes up through = 4 appears to be sufficient, while for the A configuration, there is a noticeable change in the recoil when adding the = 5 modes.
Based on the results in Figs. 22 and 23 , we used the medium resolution grid structure (i.e., A-M in the figures ) and summed all modes up through = 6 when calculating the recoils given in the tables and figures of this work. We also note that, because the recoils from the A and B configurations did approach each other, effects due to finite starting separation are reasonably mitigated for initial separations of between 9M and 10M and above.
In conclusion we see that in order to have a robust measure of the recoil we need to consider BHBs with sufficiently large initial separations, medium resolution, and we need to sum over modes up through = 6.
In Fig. 24 , we plot the radiated energy and the ratio of the final to initial mass derived from the radiated energy as a function of 1/r and max . We see that A and B configuration approach each other with an increase in resolution and larger observer radii. We also note that there are only small errors introduced by using max as small as = 4. For the radiated angular momentum (see Fig. 25 ), the extrapolation error dominates, and while the A and B configurations results seems to converge to each other, the error bars are quite large. Again, we see that summing up through = 4 is sufficient to obtain the final remnant spin. One final note, for the runs presented in the main body of the paper, we use extraction radii up to r = 102.6m, rather than r = 190m. We did this because we observed, at our working resolutions, a dissipation effect at larger radii in which the amplitude of rψ 4 steadily decreases with radius in the outer zone.
We apply all these criteria to the rest of the new simulations we perform in this paper to ensure similar error bars as the ones presented in this Appendix. Note also that a similar, but independent, waveform-error analysis was carried out in Ref. [76] . Here all modes with ≤ max were used. The black and gray lines labeled with "IH" are the associated final spin calculated from the BH horizon. On this scale, all resolutions are on top of one another, so only one line is shown.
